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Learning in Relational Contracts/

By RUMEN KOSTADINOV AND ADITYA KUVALEKAR

We study relational contracts between a firm and a worker with
mutual uncertainty about match quality. The worker’s actions are
publicly observed and generate both output and information about
the match quality. We show that the relational contracts may be inef-
ficient. We characterize the inefficiency through a holdup problem
on the contemporaneous output. In the frequent action limit, these
inefficiencies persist if and only if information degrades at least at
the same rate at which impatience vanishes. We characterize opti-
mal relational contracts and show that they involve actions that
vield both a lower payoff and less information than another action.

(JEL D83, D86, J22,J31, J41, J63)

wo features are ubiquitous in employment relationships. First, there is mutual

uncertainty about their match quality, a crucial determinant of productivity."
The second feature is the incompleteness of contracts. Contracts are rarely condi-
tioned on all observable aspects of an employee’s performance: some actions can be
difficult to verify in an outside court or prohibitively costly to contract on. However,
a benefit of the dynamic nature of employment relationships is that the parties form
relational contracts—informal agreements linking good performance to bonuses
and promotion. The goal of this paper is to study the nature of relational contracts
when the parties face uncertainty about their match quality.

For example, suppose Bob and his manager, Ann, perceive that their match qual-
ity is relatively poor. Bob is on the verge of getting fired unless he succeeds in his
next project. If Bob works hard—a costly activity for him—he is more likely to
succeed. If he shirks, indeed, being successful is less likely, but at least Bob would
save his effort costs. Should Bob work hard in order to maximize his chances of
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staying employed or shirk since the relationship is likely to end? Can Ann provide
incentives for hard work?

We answer these questions by studying a standard relational contracting setting
of perfect information between Ann (the firm) and Bob (the worker) where the par-
ties are symmetrically uninformed about their match quality. In this framework,
Bob’s work plays a dual role: it produces immediate revenue (output) for Ann. But
his output and effort also produce information about their match quality. Our first
contribution is to highlight the mechanism that leads to systematic distortions in
the relational contracts between Ann and Bob. In short, if the immediate revenue
is a strong reason why Ann would have Bob work hard at the brink of separation,
the outcomes are inefficient. On the other hand, if the primary motive is to acquire
information, then the outcomes are efficient. So what should the parties do when
they cannot attain efficiency? Our second contribution answers this question by pro-
viding a full characterization of the optimal relational contract. Most notably, this
characterization reveals that Ann may assign Bob to a less ambitious project, which
will not require hard work but will also reveal less information about the future pros-
pects of the relationship. These relational contracts resemble probationary periods
or “performance improvement plans (PIPs)” that we will expand upon later.

Summary of the Framework and Results—We study an infinite horizon, dis-
crete time game between a firm and a worker. In each period, the firm can fire the
worker or offer him a salary. If the worker accepts the salary, he chooses an observ-
able action. The output is stochastically determined by the worker’s action and a
relationship-specific match quality. We study the set of all relational contracts, i.e.,
Perfect Bayesian Equilibria of this game.

Notice that an action produces both output and also information about the match
quality. Hence, actions can be ranked according to their informativeness (in the
Blackwell sense) and their profitability—expected output minus the effort cost of
the action. For most of the paper, we analyze an environment with two actions: high
and low. We assume that the high action is more informative as well as more profit-
able than the low action.

We begin by studying the efficiency of relational contracts. The efficient bench-
mark is the solution to the experimentation problem of a planner who maximizes the
joint surplus of the firm and the worker ignoring incentive constraints. It is charac-
terized by a simple policy—terminate the relationship below a certain cutoff belief
about the match quality and choose the high action above the cutoff.’

We obtain a full characterization of efficiency driven by the interaction between
contract incompleteness and learning. Consider the efficient cutoff belief where
the planner is indifferent between the outside options and experimentation. At this
belief, the cost of the worker’s action is exactly offset by the value of experimenta-
tion over and above the outside options. The value of experimentation consists of
two parts—contemporaneous output and the option value of learning. In relational

2This is a correlated three-arm bandit problem, the three arms being the high action, the low action, and the
outside option. In general, such problems can be analytically challenging. However, since the high action unambig-
uously dominates the low action, obtaining the optimal policy is straightforward.
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FIGURE 1. DIFFERENCE BETWEEN THE EFFICIENT BENCHMARK AND OPTIMAL RELATIONAL CONTRACT

contracts, incentives to choose the high action are provided via the option value of
learning alone. Therefore, if the contemporaneous output is larger than the outside
options, the option value of learning will not offset the costs of effort. As a result,
relational contracts are inefficient. Otherwise, they are efficient. The way we inter-
pret this, in our original Ann and Bob example, is that whenever the immediate reve-
nue (contemporaneous output) is sufficiently attractive for Ann, relational contracts
are inefficient. On the other hand, if the option value of learning is sufficiently large,
relational contracts are efficient. One implication of this result is that inefficiency
can be mitigated by increasing unemployment benefits, which would strengthen the
outside options.

We proceed to characterize the optimal relational contract in Proposition 3. The
contract exhibits a three-region structure (Figure 1)). The players take their outside
options at low beliefs. The worker chooses the low action at intermediate beliefs and
the high action at high beliefs. Despite its inferior profitability and informativeness,
the low action offers a better alternative to terminating the relationship when the
firm cannot credibly promise to reimburse the worker for the cost of the high action.

As mentioned earlier, this characterization resembles the performance improve-
ment plans (PIPs) that are often used in consulting firms.® In PIPs, struggling
employees are assigned less important roles as a chance to redeem themselves and
stay employed before getting fired. In the optimal relational contract, the low action
region can be interpreted as a PIP. We would like to point out that, unlike other
models of relationship building (Watson 1999, 2002; Halac 2014), an important
implication of our model is that the worker may move in and out of a PIP multiple
times. This is a testable implication of our model.

The intuition behind Proposition 3 is that the high action is used whenever it is
incentive compatible since it is more informative and more profitable. Hence, the
low action is only optimal at lower beliefs where the high action cannot be incen-
tivized. This intuition is a correct starting point but is incomplete. In the efficient
benchmark, the low action is never used because, absent incentive constraints, more
information is always desirable. In a relational contract, incentive constraints may

3See https://www.shrm.org/resourcesandtools/tools-and-samples/how-to-guides/pages/
performanceimprovementplan.aspx.
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make information undesirable at some beliefs.? This in turn may render the low
action superior because it is less informative.

The Proof of Proposition 3 obtains the three-region structure by using the algo-
rithmic procedure by Abreu, Pearce, and Stacchetti (1990)—henceforth, APS. We
adapt the APS algorithm to show that iterative application of an operator on an
appropriate initial function yields, as a fixed point, the equilibrium surplus func-
tion (maximum achievable surplus at each belief). We demonstrate the use of this
approach in two steps—(i) applying the operator once on the function obtained in
the efficient solution yields a three-region structure, and (ii) due to our assump-
tions on the ranking of payoff and informativeness, we obtain that the three-region
structure is preserved upon every subsequent operation. Therefore, the three-region
structure is obtained as a fixed point property. We are optimistic that this approach
could be useful in other settings.

A natural point of inquiry for our model is the effect of increasing patience. There
are typically two kinds of limits that are studied toward this goal. Folk theorems
study the limit as players become arbitrarily patient, leaving the rest of the environ-
ment unchanged. Another source of patience is frequent interaction, i.e., reducing
the length of each period. The literature originating in Abreu, Milgrom, and Pearce
(1991)—henceforth, AMP—studies the limiting outcomes of repeated games with
imperfect monitoring as the length of a period converges to zero.? Shorter periods
increase the effective patience of players, despite a fixed rate of time discounting.
However, they have the additional effect of reducing information per period. The fre-
quent action limit and the limit in standard folk theorems are equivalent in settings
of perfect monitoring and complete information. In our setting—perfect monitoring
with uncertainty about match quality—the two limits may no longer be equivalent.
Therefore, we have a rare opportunity to explore both limits in an environment with
perfect monitoring.

Being agnostic about which of the two limits is more natural, in Section V, we
study both approaches to the patient limit in a unified framework. We consider a
sequence of instances of our model with players’ patience increasing along the
sequence while the quality of information may degrade, both measured in per-period
terms. We say that the learning problem is trivial if the limiting optimal policy asso-
ciated with the efficient outcome involves experimentation at any positive belief.
Theorem 1 provides a sharp characterization of the limiting outcome in the effi-
cient benchmark and in the optimal relational contract. First, the holdup problem
characterizing inefficiency from Proposition 2 persists in the limit if and only if
the learning problem is nontrivial. Second, the triviality of the learning problem is
characterized by the relationship between the rate at which informativeness, as mea-
sured by the variance of the posterior belief, deteriorates and the rate at which play-
ers become perfectly patient along the sequence of models. Whenever information

“#Preference for information is equivalent to the convexity of the surplus function for the optimal relational
contract. As we will see later, the surplus function in the optimal relational contract is generally not convex. In a
special case where all actions are equally informative, such nonconvexities do not pose any technical hurdles, and
a three-region structure is immediate. See Section VID for details.

5 AMP consider complete information and imperfect monitoring, while our setting has incomplete information
and perfect monitoring. This distinction gives rise to qualitative differences discussed in detail in Section V.
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decays at a slower rate than the rate at which impatience vanishes, the learning
problem is trivial. Consequently, there is no holdup problem and relational contracts
are efficient, consistent with a folk theorem.? When information decays at an equal
or faster rate, the learning problem is nontrivial and the holdup problem persists in
the limit. Hence, the rate of information decay determines whether inefficiency can
be a robust limiting feature of our model.

The remainder of the paper proceeds as follows. Section I discusses the connec-
tion of our work with some existing literature. In Section II, we describe our game
and the equilibrium concept. Section III sets up the preliminary analysis leading to
our main results presented in Section IV. In Section V, we analyze the limit of our
model as the parties become patient and information may deteriorate. Section VI
details some extensions of the model.

I. Related Literature

The early literature on relational contracts established their efficiency in various
settings of complete and perfect information when the parties are sufficiently patient
(Bull 1987; Thomas and Worrall 1988; MacLeod and Malcomson 1989). This is no
longer true in settings with private information such as moral hazard and adverse
selection (Levin 2003; Halac 2012). Our paper shows that incomplete yet public
information alone can also create inefficiencies in relational contracts. Horner and
Samuelson (2013) obtain a similar type of inefficiency in the version of their model
with observable actions, which is a special case of the class of frequent action mod-
els that we consider. In Horner and Samuelson (2013), inefficiency always obtains
due to specific parametric assumptions (outside options equal to zero). Our char-
acterization of efficiency shows that this is not true in general, and it identifies the
force behind (in)efficiency.

Persistent uncertainty in relational contracts has also been studied by Thomas and
Worrall (2010); Kwon (2016); and Malcomson (2016).” Recently, DeVaro, Kim,
and Vikander (2018) have studied relational contracts with moral hazard where a
publicly known, exogenously evolving state affects the future value of the relation-
ship but not the productivity of effort. They find that the effort is increasing in the
state in the optimal relational contract, similar to our three-region characterization.
Unlike these settings, the worker controls the flow of information through his effort
in our environment.

Our conclusions share some similarities with the literature on relationship build-
ing that posits that favorable outcomes are achieved by establishing trust through
repeated interactions. Typically, these dynamics are driven by asymmetric infor-
mation (Ghosh and Ray 1996; Watson 1999, 2002; Halac 2014). McAdams (2011)
studies a stochastic partnership game with an exogenously evolving relationship
capital that yields similar dynamics as our optimal relational contract. While we

SThe closest existing folk theorem to our setting is due to Wiseman (2005), discussed in Section V.
7Beyond relational contracts, in a repeated Bertrand game with persistent, private cost shocks, Athey and
Bagwell (2008) show that high persistence relative to patience leads to inefficiencies.
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discuss the contrast in detail after Proposition 3, the evolution of relationship capital
is endogenous in our setting.”

Symmetric uncertainty has traditionally been explored in the career concerns lit-
erature beginning with Holmstrom (1999). Typically, the agent is paid his marginal
product every period, which leaves no room for dynamic incentive provision, e.g.,
back-loaded compensation. Also, the career concerns literature focuses on the signal
Jjamming incentives where the worker tries to influence the market’s beliefs. When
the agent’s action is unobservable, market-driven incentives can give rise to diver-
gent beliefs and, subsequently, the ratchet effect, recently demonstrated by Cisternas
(2018). Observable action rules out both signal jamming and the ratchet effect. In a
continuous time environment without transfers, Kuvalekar and Lipnowski (2020)
study a firm-worker relationship with symmetric uncertainty about match quality and
observable actions. They show that even with observable actions, a nontrivial agency
problem ensues in a world without commitment. Besides the lack of transfers, the
actions in their environment are costless and they focus on Markovian equilibria.

Symmetric uncertainty has also garnered attention in the dynamic contracting
literature. With full commitment, the efficient outcome is trivially achieved in our
setting. Hence, the dynamic contracting literature is often concerned with moral
hazard. Prat and Jovanovic (2014) analyzed a continuous time model with Brownian
learning and found that in order to avoid the ratchet effect (as in Laffont and Tirole
1988 and Bhaskar 2014), the contract induces the agent to shirk early on, and when
the information about his ability is more precise, the rewards are more tightly linked
to the output. These dynamics are similar to our findings—under limited commit-
ment, a relationship with perceived low match quality results in low effort and tran-
sitions to high effort as prospects improve. Due to the binary state of the match
quality in our model, the signals’ precision does not improve over time, and we
can see switches between high and low effort due to streaks of luck, while Prat and
Jovanovic (2014) obtained a permanent shift to high effort.

Uncertainty about match quality naturally leads to an experimentation problem
connecting us with Keller, Rady, and Cripps (2005) and Bolton and Harris (1999),
who also have underexperimentation in the strategic interaction. However, in our
setting there is no free-rider effect, which is the main driver of inefficiencies in that
literature.

II. Model

We consider an infinitely repeated interaction between a firm (she) and a worker
(he), both risk-neutral. The productivity of their relationship is determined by the
quality of their match, which can be either good or bad. The parties are symmetri-
cally uninformed: they begin with a common prior p; € (0, 1) that the match qual-
ity is good. Time is discrete and denoted by t = 1,2, . ... The firm and the worker
have outside options of v and u per period, respectively. Let s = u + v be the sum
of their outside options.

8McAdams (2011) also considers a general version where the relationship capital evolves endogenously.
However, he does not obtain a three-region structure as in our Proposition 3.
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FIGURE 2. TIMELINE OF ONE PERIOD

The timing within a period 7 is shown in . At the beginning of the period,
the firm and the worker share a common belief p, that the match quality is good.
The firm decides whether to continue interacting with the worker (df: = 1) or to
terminate the relationship by firing the worker (d{ = O). If she interacts, she offers
a wage w, to the worker. The worker decides whether to accept the offer (d} = 1)
or terminate the relationship by quitting the firm (d;” = 0). If the parties terminate
the relationship, they receive their outside options in all remaining periods, starting
from the current one.” If, instead, a wage offer is accepted, the wage is paid to the
worker and he chooses a level of effort (e;), which can be High (H) or Low (L) and
is observed by the firm.!" Effort is not contractible, so the worker is free to choose
any level of effort, regardless of the wage he accepted. The cost of H to the worker
is ¢ > 0, while the cost of L is zero.

The outcome of the worker’s effort is either a success (high output) (y, = y") or
a failure (low output) (y, = y' < y"). The probability of success when the work-
er’s effort is e is given by v, when the match quality is good and 3, when the match
quality is bad, as shown in . Given a prior p and efforte € {H,L},let7,(p)
and R, (p) denote, respectively, the expected probability of success and the expected
output in the current period. Then

Te(P) = PYe+ (1 —p)Be
R.(p) = me(p)y"+ (1 = m(p))y"
Since all actions are publicly observable, the firm and the worker form a common
posterior p,. at the end of period 7. Let ¢ (p) (respectively, ¢, (p)) be the posterior

belief following effort e and success (failure) when the prior at the beginning of the
period was p. According to Bayes’ rule,

o , I p(l—")
(1) oclp) = p7e+1217—p)ﬁe’ P = T (A

9 Allowing the parties to suspend the relationship for a finite number of periods, instead of terminating it, would
not affect the equilibrium outcome. This follows from the existence of an equilibrium where both parties receive
their outside options in all periods.

19 Allowing the firm to pay a bonus at the end of the period does not change the model, as the bonus can be
factored into the next period’s wage.
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TABLE 1—PROBABILITY OF A SUCCESS GIVEN EFFORT
AND MATCH QUALITY

Effort\Match quality Good Bad
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Yo — €
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R
Ry(p)
T > p
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FIGURE 3. MYOPIC SURPLUS AS A FUNCTION OF BELIEFS

In addition, we allow for public randomization. Formally, at the beginning of
each period, the parties observe the realization x; of a random variable uniformly
distributed on [O, 1]. This is a common convenience in the literature, as it convexi-
fies the equilibrium set of payoffs.

A. Assumptions

The following assumptions define our baseline model and will be maintained
throughout Sections III, IV, and V. They are visualized in .

ASSUMPTION I: Ry(1) —c¢ > s > Ry(0) —c > R.(0) and s > R;(1)

> R.(0).

ASSUMPTION 2: If By = (B = 0, then vy > ~;. Otherwise, yy/By > i/ B
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The assumptions imply the following:

* H generates more expected surplus (output net of cost of effort) than L regard-
less of the match quality.

* H generates more (less) expected surplus than the outside options when the
match quality is good (bad).

» L generates less expected surplus than the outside options regardless of the
match quality.

* H is more informative than L in the sense of Blackwell (1953), which means
that

¢n(p) = ¢1(p) = p = ¢r(p) = du(p) forallp.

Finally, we assume that players are patient enough to sustain H in equilibrium
when the match quality is good. Without this assumption, the unique equilibrium
would involve the players taking the outside option at every belief.

ASSUMPTION 3: §|Ry(1) —c —s| > (1 —0)c.
B. Discussion of the Model

In the baseline model, we assume that the match quality, realized at the begin-
ning of the relationship, is static. This need not be the case. The match quality
can change when firms undergo technology shocks, changes in management, or
market conditions. To model these scenarios, we could assume that the match
quality evolves exogenously according to some Markov process. Such evolution
would not change the structure of our analysis and the results. This is because,
even though the environment is changing, the players observe the same signals
regarding its evolution. Therefore, they share the same beliefs regarding match
quality at all points in time.

Our model can also accommodate a setting, wherein the worker is assigned proj-
ects by the firm. Suppose the firm can assign either a big or a small project to the
worker each period. Big projects carry more responsibility, e.g., managing teams,
dealing with clients, etc. Small projects can be back-office jobs. The worker chooses
his effort on the project. Big projects, due to greater responsibility, can succeed
only if the worker exerts high effort. In that case, the probabilities of success are vy
and (3 respectively, depending on whether the match is good or bad. The probabil-
ity of success for the small projects is 7y, and /3; depending on whether the match is
good or bad regardless of the choice of action. In this framework, the analysis and
the results remain identical to the baseline model.

C. Strategies and Equilibrium
We denote by A, := {x,, Wy, €, y,} the history in stage ¢ if the relationship has

not been terminated. Let h' := { h, V=" be the history at the beginning of period ¢ if
the relationship has not been terminated. Let H’ be the set of histories up to time z.



VOL. 14 NO. 1 KOSTADINOV AND KUVALEKAR: LEARNING IN RELATIONAL CONTRACTS 293

A strategy for the firm is a sequence of functions {D{, Wt}zl, where
D! H' x [0,1] — {0,1} and W,: H' x [0,1] — R determine the interaction
decision and the wage offer as a function of the history in previous stages and the
public random variable in the current stage. Similarly, a strategy for the worker
is a sequence of functions { D}, E, } ¢, where D} : H' x [0,1] x R — {0,1} and
E;:H'x[0,1] xR — {H,L} determine his interaction decision and effort level
as a function of the history in the previous stages, the current public random vari-
able, and the firm’s wage offer.

Let D, := d{ d}. Following history h’ and a posterior belief p,, the respec-
tive continuation payoffs to the firm and the worker from strategies (O‘P , O'A) are

given by

oo

vl (o7 0")) = E[(l =) 07Dyl —wi) + (1 - Dz)lyf(sﬂ,

u(pi ', (07, 0%)) = E[(l —5)25”(0,(w,—c16,:f,) +(1 —D,)ﬁ)],

where the expectation is taken over nonterminal histories that are continuations of /'
given the belief p, and the continuations of strategies ((TP , O’A) 1

Following the literature, we define a relational contract as a Perfect Bayesian
Equilibrium (PBE) with public randomization of the dynamic game with the restric-
tion that beliefs are updated recursively according to Bayes’ rule (1) after every
period (henceforth referred to as equilibrium). This means that the public beliefs are
updated only through the realization of the output given the worker’s action on and
off path. The motivation behind this is that in a PBE, we can assign arbitrary beliefs
off the equilibrium path. For example, if the worker chose the high action when he
was supposed to choose the low action, the posterior belief can be arbitrary and
unrelated to the output realization. This is obviously unsatisfactory given the struc-
ture of our game. Ideally, we want to embed the notion that players cannot signal
what they do not know.'? Our restriction achieves this purpose.

Let £(p) denote the set of equilibrium payoffs of the game starting at prior
belief p.

II1. Equilibrium Characterization
A. Efficiency Benchmark

The sole conflict in our environment is the separation between the entity exert-
ing effort (worker) and the entity collecting the output (firm). Therefore, our natu-
ral notion of efficiency is one where effort is contractible. Alternatively, we could

"'Note that if the relationship is terminated at time ¢ (D, = 0), the game ends and no histories of length greater
than 7 occur in equilibrium. The players receive u/(1 — §) and v/(1 — §) at time 7, which is equivalent to receiving
their outside options in each subsequent period.

12 A5 Battigalli (1996) pointed out, this implies a notion of strategic independence.
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view this as an experimentation problem wherein a planner, possessing the same
information about match quality as the firm and the worker, chooses effort to max-
imize the total surplus of the firm and the worker. This is a multi-armed bandit
problem with two correlated arms (H and L) and one safe arm given by the outside
options.

Given a value function f, let T, f denote the surplus from choosing an effort e €
{H,L} today and drawing continuations from f according to the probability distri-
bution induced by e:

Tf(p) = (1—06)(R(p) — Loeyc) + E[f(p)].

where
E[f(p)] = m(p)f(62(p)) + (1 = me(p))f(dc (p)) Ve € {H.L}.

The optimal policy for this problem specifies an effort level or the outside
options at each belief p. Let G(p) denote the payoff associated with the optimal
policy. The value function G is the unique fixed point of the following operator
T:B[O,l] — B[O,l], where B[O,l] denotes the set of bounded real-valued
functions on [O, 1]:

(2) Tf(p) = max{Tuf(p).TLf(P)s}-

Proposition 1 uses standard dynamic programming arguments to establish
that G is convex. Thus, the planner prefers more informative arms. Since H offers
more information and more surplus than L, the planner never chooses the lat-
ter. Hence, the optimal policy has a simple structure. There is a cutoff belief p'®
above which the planner uses H and below which the planner chooses the outside
options.

PROPOSITION 1: The efficient value function is given by the unique fixed point G

of the operator T. The function G is increasing and convex. There exists a unique
belief p™® ¢ (0, 1) such that the optimal policy is to choose H above p*™® and the

outside options below p*®.

All proofs are presented in the Appendix.
B. Recursive Characterization

We proceed to analyze £(p), the set of equilibrium payoffs of the game starting
with prior p € [O, 1]. Techniques from Abreu, Pearce, and Stacchetti (1990) are
easily adapted to show that equilibria admit a recursive structure with the belief
acting as a state variable. Any equilibrium payoff (u,v) € &(p) can be decom-
posed into an action profile for the current period and continuation payoffs subject
to incentive constraints. Continuation payoffs must belong to £(p'), where p'is the
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updated belief. For each (u,v) € &(p), the payoffs are decomposed in one of the
following three ways:

* (High effort) There exist continuation payoffs (u+,v+) € 5((;5}5(1))),
(u=v7") € &(dn(p)) and a wage w such that,

v o= (1= 0)(Ru(p) = w) +o[mu(p)v* + (1 = 7u(p) )v].
w = (1=0)(w =)+ 3[ma(p)u’ + (1 = ma(p) )|,
v >y, ou > u,

(3) 5[7TH(p)u+ + (1 — WH(p))u_ —u] > (1 —=9)c.

e (Low effort) There exist continuation payoffs (u+,v+) € 5((;52’(1))),
(u=v7") € (oL (p)) and a wage w such that

v = (1=08)(Re(p) = w) +8[m(p)v + (1 = me(p))v],

(1=35)w+ 5[71'L(p)uJr + (1 - 7TL<])))I/£7],

u

vVZ>y o u >
* (Termination) The firm does not interact or the worker rejects the offer:
vV = 27 u = u.

The characterization above relies on the fact that players act sequentially and
publicly and that there is an equilibrium that gives both parties their outside options
(see Lemma 2 in the Appendix). This equilibrium is used to threaten deviators.

In light of this punishment, the incentive constraint for the firm is straightforward.
Suppose the firm deviates by offering w'. If w' > u, the worst continuation equi-
librium for the firm is one where the worker accepts and exerts L and the outside
options are taken in the following period. The resulting payoff for the firm is strictly
less than v. If w' < u, then the worker quits giving the firm a payoff of v. Therefore,
the firm’s incentives amount to a participation constraint.

For the worker, an additional constraint (3) is that he needs to be compensated
through future continuation value if he is exerting H. If he deviates by choos-
ing L, he still collects the wage, saves on the cost ¢, and is punished by receiving u
tomorrow.

C. Optimal Relational Contracts through Surplus Maximization

Notice that the contemporaneous wages can be used to redistribute surplus with-
out affecting incentives, as in Levin (2003). Hence, an optimal relational contract
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maximizes the sum of the firm’s and the worker’s payoffs and is characterized by a
surplus function S defined below:

S(p) = (u’gleag((p){uij}.

In a surplus-maximizing relational contract, it is without loss of generality to
keep the firm to its outside option and give the worker the entire future surplus over
and above the firm’s outside option by shifting the current wage in the firm’s favor.
This offers the strongest incentives for the worker without impacting the incentives
of the firm. This observation helps us characterize S as a fixed point of the opera-
tor 7, defined in Lemma 1 below. Note that T, resembles the operator 7 in (2) used
to obtain the efficient surplus but with the addition of an incentive constraint (4) for
using H.

LEMMA 1: S is a fixed point of the operator T, : B[0,1] — B[0,1] given by

max{Tyuf(p). T.f(p).s} if 6(E[f(p)] —s) = (1—6)c

@ L) = max{TL f(p),s } otherwise

and
S = nl—iglo T”: G,
where T"G > T"'G and the limit is taken pointwise.

The incentive constraint in 7, implies that T, is not a contraction.'? Despite this,
we can still obtain S by iteratively applying 7, on the efficient surplus function G. This
result exploits the algorithmic result of APS. The APS algorithm obtains the equilib-
rium payoff set by an iterative application of a set-valued operator on a large enough
payoft set. Since our setting has a separate equilibrium payoff set for each belief, we
adapt the algorithm to operate on payoff correspondences. Then we exploit the fact
that the equilibrium set at any belief p can be characterized entirely by S(p). Thus,
the APS algorithm can be reduced to operating on surplus functions. This characteri-
zation, stated in Lemma 1 below, will let us establish a number of key properties of S,
including a complete characterization of the optimal relational contract.

IV. Results
A. (In)efficiency of Relational Contracts
We say that relational contracts are inefficient if the optimal relational contract

cannot achieve the efficient surplus at some belief, i.e., S(p) < G(p) forsomep €
[0, 1]. In the absence of any private information, the only tension is the separation

1370 see this, note that S is only one of many fixed points of 7,. Another fixed point is a function that equals s
for all beliefs in [0, 1).



VOL. 14 NO. 1 KOSTADINOV AND KUVALEKAR: LEARNING IN RELATIONAL CONTRACTS 297

between the entity incurring the cost of effort (worker) and the entity collecting
the output (firm). In an environment with known match quality, MacLeod and
Malcomson (1989) showed that when the players are sufficiently patient, relational
contracts are efficient. The uncertainty about match quality, even though symmetric,
may overturn this result. Proposition 2 provides a necessary and sufficient condition
for inefficiency.

PROPOSITION 2: Relational contracts are inefficient if and only if Ry(p"™®) > s.

We proceed to illustrate the argument. Since every belief admits an equilibrium
where the parties receive their outside options, the efficient solution can be repli-
cated in a relational contract at every belief p < p’®. Hence, to establish efficiency,
it suffices to show that every belief p > p’® admits an equilibrium where the
worker chooses H. This amounts to showing that H can be incentivized at p® since
relational contracts generate more surplus at higher beliefs. Since G(pF B ) = 5, We
have

(1= 0) (Ru(p™) = ¢) +6E"[G(p)] = =

This means that the cost of H is exactly compensated by the sum of two terms: the
contemporaneous output and continuation surplus in excess of the sum of the out-
side options:

(1= 0)e = (1= D) (Ralp™) ~5) + 5(E"[G(p)] - 5).

Today’s cost

Today’s excess surplus Tomorrow’s excess surplus

In equilibrium, the firm cannot commit to rewarding the worker with the out-
put in the current period. This creates a holdup problem when today’s excess sur-
plus must be used to compensate the worker for his effort in the efficient solution.
The worker can be incentivized to choose H only when tomorrow’s excess surplus
exceeds today’s cost, as evidenced by (4). If RH(pF B ) > 5, tOMOITOW’S €XCeSs Sur-
plus must be less than today’s cost, i.e., the incentive constraint (4) at p*® fails even
if the continuation surplus in relational contracts S equals the efficient surplus G.
Since § < G, relational contracts are inefficient. Conversely, if RH(pF B ) < s, then
the incentive constraint at p?® is satisfied assuming that the continuation surplus is
given by G. A fixed point argument using Lemma 1 then establishes that relational
contracts are efficient.'

Since the source of inefficiency is a holdup problem on today’s excess surplus, one
might think that the introduction of output-contingent spot contracts would restore
it. However, as we show in Section VI, as long as the worker is protected by limited
liability, the inefficiency persists. Thus, the inefficiency is not a direct consequence
of unknown match quality but rather its subtle interaction with incomplete contracts.

14 The nature of the holdup problem is not tied to the specific information structure we consider. The argument
generalizes to a setting with continuous output under sufficient regularity.



298 AMERICAN ECONOMIC JOURNAL: MICROECONOMICS FEBRUARY 2022

While Proposition 2 places a condition on the cutoff belief in the efficient out-
come, which is an endogenous object, Corollary 1 below gives a sufficient condition
for inefficiency, based only on the primitives of the model.

COROLLARY 1: If RH(O) > s, then relational contracts are inefficient.

Moreover, if the condition above fails, i.e., RH(O) < s, then, relational contracts
are efficient for a sufficiently high §. When ¢ is fixed, it is also possible to generate
sets of parameters with positive measures for which relational contracts are efficient
or inefficient.

B. Optimal Relational Contracts
We now give a characterization of the optimal relational contracts.

PROPOSITION 3: An optimal relational contract is described by two cutoff
beliefs: p and p such thatp > p > pTB. At any belief p,

(i) The firm and the worker interact if and only if p > p.
(ii) The worker exerts Lifp € |[p,p).
(iii) The worker exerts H if p > p.

The structure of optimal relational contracts can be interpreted as follows. When
the players are sufficiently pessimistic about the match quality, the (expected) value
of the relationship is low and learning has a high opportunity cost, so it is optimal
to fire the worker. When the players are highly optimistic, the future value of the
relationship is sufficient to incentivize the worker to exert H. At intermediate beliefs
there is not enough surplus to provide incentives, but the firm would like to retain
the worker, as it is reasonably likely that the match quality is good. This is accom-
plished by the worker choosing L, which is cheaper to incentivize and also offers
some learning.

The structure of the optimal relational contracts resembles PIPs mentioned in the
introduction. Typically, a worker not meeting the performance standards is placed on
a PIP where he is monitored closely. In the event that his performance improves, the
worker is moved out of a PIP; otherwise, he is fired. In our model, this corresponds
to a belief that dips below p and climbs back above it. These dynamics are different
from the ideas of “starting small” (Ghosh and Ray 1996; Watson 1999, 2002; Halac
2014). In these models, parties build up the value of their relationship monotonically
as long as it is not terminated. In our model, beliefs do not evolve monotonically, so
the value of the relationship may not improve with time. The parties realize that a
drop in beliefs may happen even if the match quality is good, so the worker is given
a chance to improve his performance instead of being fired immediately. Hence, our
model explains why a worker in good standing can be placed on a PIP, complete it
successfully, and continue his career with the firm.
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S(p)

=

FIGURE 4. PLOT OF G AND §

While Proposition 3 does not guarantee that L is used in an optimal relational
contract, Proposition 4 below gives a condition on the parameters of the model,
under which this is the case. This condition implies the sufficient condition for inef-
ficiency in Corollary 1.

PROPOSITION 4: If R (0) — s+ 7. (0)(Ry(0) —5) > 0, then p < p in
Proposition 3.

We proceed to give an overview of the Proof of Proposition 3. A starting intu-
ition is that H should be preferable to L at any belief, so that the worker exerts L
only if the incentive constraint for H cannot be satisfied. Incentive provision being
easier at higher beliefs (as there is more future surplus to promise the worker), the

convexity of S, the surplus function in the optimal relational contract (Figure 4)).">{'
Hence, more informative actions are not necessarily preferable. Recall that L is

15The parameters used for the plot are vy = 0.7, By = 045, v, = 0.35, 5, = 0.226, ¢ = 0.22,
6 =085 u =015y = 0.2.

16 exhibits a jump at p where the optimal effort switches from L to H. The reason is that the surplus from H
exceeds the surplus from L at any belief, which will be shown as part of the Proof of Proposition 3. Even though H
would create more surplus than L at beliefs lower than p, the incentive constraint precludes its use, resulting in the
jump. Consequently, there are jumps at beliefs, whose posteriors reach p or can be reached from p.
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never used in the efficient benchmark because more information is better, and H
dominates L on both the informativeness and payoff dimensions. In a relational
contract, L may be preferred to H at some beliefs where the gains from the inferior
information in L outweigh the payoff losses. Therefore, we cannot dismiss the pos-
sibility of multiple switches between L and H as the beliefs improve.

The key to overcoming this obstacle lies in the APS algorithm as seen in Lemma 1.
As S can be obtained through iterative application of 7', to the efficient surplus func-
tion G, S inherits the properties of G that are preserved under 7. While 7, does
not preserve convexity (or even continuity), it preserves the weaker property that,
barring incentive constraints, H is preferred to L.

DEFINITION 1: A function f:[0,1] — R exhibits a monotone policy
fTuf = TLf.

If an increasing function f exhibits a monotone policy, then the optimal pol-
icy associated with f will exhibit the three-region structure of Proposition 3.
Therefore, the proof boils down to showing that if an increasing func-
tion f exhibits a monotone policy, then 7, f is also an increasing function that
exhibits a monotone policy. The details of this argument are provided in the
Appendix.

Proposition 3 resembles the characterization in the infinitely repeated stochastic
partnership game studied by McAdams (2011). Therein, the state, which evolves
exogenously, captures the temptation to cheat. Though outwardly different, these
two models have a similar intuition behind obtaining the three-region characteri-
zation: providing incentives is difficult when future prospects of the relationship
look grim. In such situations, parties interact but indulge in inefficient activities,
hoping that the relationship could drift toward an optimistic regime. In our model,
the state variable that affects the incentives is the belief about the match quality,
which evolves endogenously.

V. Asymptotic Behavior

In this section, we explore the limit of our baseline model as the parties
become arbitrarily patient. There are two typical approaches. Folk theorems ana-
lyze the limit as § — 1, ceteris paribus. It is also possible to consider a fre-
quent action limit in which the length of each period is reduced to zero without
changing patience per unit of time. In a seminal paper, Abreu, Milgrom, and
Pearce (1991) showed that these two approaches can produce radically dif-
ferent results in games of imperfect monitoring. In repeated games of perfect
monitoring, the two approaches are equivalent when information is complete.
This equivalence breaks down in our richer setting due to incomplete informa-
tion about match quality. For example, if information accumulates with cal-
endar time, shortening the period length degrades the quality of information.
Therefore, the presence of learning about match quality is a unique opportu-
nity to explore differences between these two approaches in a game of perfect
monitoring.
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We do this by studying a sequence of (discrete time) instances of our model,
with § converging to 1 along the sequence. As § grows, the quality of information
per period may (but need not) degrade. The main result of this section, Theorem
1, shows that the speed at which information degrades relative to the speed at
which impatience vanishes is crucial for the limit behavior of our model. If infor-
mation degrades at a slower rate, a folk theorem obtains and relational contracts
are efficient in the sense that the sup norm of G — S converges to zero as § — 1.
Wiseman (2005) obtains a similar result when information is unchanged along
the sequence by proving a folk theorem in general repeated games with
learning."’{'® Our result can be seen as a mild extension of this folk theorem to a
case in which information can degrade, but it does so more slowly than the rate at
which players become patient.

On the other hand, if information degrades at a rate equal to or higher than the
rate of decay of impatience, relational contracts can be inefficient in the limit—
the holdup problem of Proposition 2 persists even with patient players. This result
stands in contrast to the folk theorem of Peski and Wiseman (2015), where the prob-
ability of a state change vanishes with period length. In our setting, it is possible that
the probability of a substantial change in state (beliefs) vanishes with period length,
yet the belief always changes and a folk theorem may or may not hold.

The case where information and impatience degrade at the same rate is remi-
niscent of AMP. They study a two-player prisoner’s dilemma with imperfect mon-
itoring. A key takeaway in the frequent action limit is that the sustainability of
cooperation crucially depends on the nature of information. In their “good news”
environment, signals arrive according to a Poisson distribution, and their rate is
higher when players cooperate than when they defect. In the “bad news” environ-
ment, the rate of Poisson signals is higher when the players defect than when they
cooperate. The bad news environment facilitates full cooperation when the players
are sufficiently patient, while the good news environment offers no hope thereof.
The source of this difference is imperfect monitoring, where information is used to
statistically infer the actions played in the past. In our environment—Iearning with
perfect monitoring—actions are public, and the information is only used to learn
about future prospects. Therefore, regardless of the environment (good news or bad
news), the holdup problem of Proposition 2 gives rise to inefficiencies when infor-
mation degrades at the same rate as patience. Qualitatively, there is no distinction
between the two environments, in contrast to AMP. We illustrate this point with a
simple example at the end of this section.

Formally, we consider a sequence of models (/\/lk) i with parameters indexed
by k and cutoffs p£5, Di> Px as in Proposition 1 and Proposition 3, such that:

* d — lask — oo

7 Technically, the folk theorem of Wiseman (2005) does not apply to our setting because the set of individually
rational payoffs in the game where match quality is known to be bad has an empty interior.

"8For further work on folk theorems with learning, see Fudenberg and Yamamoto (2010); Fudenberg and
Yamamoto (2011); Wiseman (2012); and Yamamoto (2019). Well-known folk theorems for stochastic games (e.g.,
Horner et al. 2011) do not apply to our setting because the space of beliefs is not an irreducible state space due to
the option of quitting.
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* None of ¢;, RY, R%, w, v, vary with k.
e The limits pf® = lim,_, . pf®and p, = lim,_ . p; exist as well as the (possi-

bly infinite) limits of v/ B, (1 —~%)/(1 — B%), and (vk — B) /(1 — &) as
k — oo.

The second assumption is merely a normalization of per-period payoffs.'”
Henceforth, payoffs will not be indexed by k, in order to economize on notation.
The last assumption involves no loss of generality, as it amounts to considering a
subsequence.

In addition, we assume that either the limiting posterior belief following H and
success exceeds any interior prior or the limiting posterior belief following H and
failure is below any interior prior. This is formally stated in Assumption 4 below.

ASSUMPTION 4: At least one of the following holds:

(a) hmkgz € (1,00]

.1k
(b) limy € [O, 1).
We measure the informativeness of H via the variance of the posterior belief:

var'ﬁ,(p) = TFZ(P) (¢143,k(17) —P)2 (1 _WH( )) (d’Hk( ) )2‘

The limit of the ratio Varlil(p) /(1 — &) measures the rate of decay of information

per period relative to the rate at which impatience vanishes, when the prior belief
is p. In the Proof of Theorem 1, we show that this limiting ratio exists and is either
finite for all p € (0, 1) or infinite for all p € (O, 1). The relative rate of informa-
tion decay plays a key role in the characterization of the limiting outcome presented
below.

THEOREM 1: The following are equivalent:
Vark( )

() hmk—>oo 1 —
(ii) pf® > 0.

(iii) p. > O.

is finite for allp € (0,1).

In addition, szH( FB) > s, then (i)—(iii) are also equivalent to

(iv) p- > pi®

191t is possible to normalize payoffs per unit of time to the same effect.
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Notice that RH(pr ) > s is an analogue of the condition in Proposition 2, which
characterizes the holdup problem in the baseline model.

The centerpiece of Theorem 1 is the class of models where the informativeness
of H per period decays at the same rate as the players’ discounting. These mod-
els approximate a natural environment in which information about match quality
arrives in continuous time, but the players act at discrete points in time, with actions
becoming arbitrarily frequent. Under this interpretation, information is proportional
to the length of the period, and Theorem 1 shows that the tensions of the baseline
model persist in the limit: First, the learning problem is nontrivial, since the efficient
solution exhibits an interior cutoff that separates outside options and experimenta-
tion through H. Second, there is an incentive problem associated with the use of H
in relational contracts. The holdup problem from Proposition 2, which characterizes
inefficiency in the baseline model, also characterizes inefficiency in the limit. Two
natural examples, outlined at the end of this section, are models in which success or
failure are realized with probability proportional to the length of the period.

In addition to characterizing the limiting outcome of these frequent action models,
Theorem 1 shows that they are at the boundary of two qualitatively different envi-
ronments. When information decays faster than the rate of impatience, the holdup
problem highlighted in Proposition 2—and thereby the resulting inefficiency—
persists in the limit. On the other hand, when information decays at a comparatively
slower rate, or does not vanish at all, we obtain a folk theorem: At any positive
belief, the efficient solution and the optimal relational contract involve experimen-
tation through H when the discount factor is high enough. The reason is that the
opportunity cost of learning vanishes relative to its benefit.

In our baseline model, one consequence of inefficiency is that the use of L may
increase the surplus of an optimal relational contract. However, this property is not
preserved in the limit. Let S denote the pointwise limit of (), taking a subse-
quence, if necessary.?’ Proposition 5 below states that L does not create any surplus
in the limit.

PROPOSITION 5: Let p = inf{p|S(p) > s}. Thenp, < p.

Example: Good and Bad News Poisson Models.—We illustrate the results of this
section with an example of a good news Poisson model in which the players become
patient at the same rate as the rate of information decay. Consider a sequence A of

period lengths converging to zero. The discount factor is §, = e~ The probabili-
ties of success with known match quality in model M, are given by

TH = VHAk, ’YIi = A

Oh = Buli BL = Bl

20The limit exists by Helly’s selection theorem and Lemma 6.
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This approximates a Poisson arrival of success as A; — 0. Such an information
structure is interpreted as a “good news”” model because the rare signal makes play-
ers more optimistic about their match quality, causing their belief to jump upward.”’

The values of success and failure are y} = 1/A; and y, = 0, respectively, so
the revenue from effort e is R,(p) = pv,+ (1 —p)B..

The Proof of Theorem 1 shows that the variance of the posterior is proportional
to % — %, which is of the order of A. Hence, limkﬂoo(var’g,(p) /(1 — 5k)) is finite
for all p € (0,1). Theorem 1, therefore, implies that the learning problem in the
efficient solution is nontrivial. In addition, the inefficiency of relational contracts
can persist in the limit, whenever the holdup problem of Proposition 2 arises. A suf-
ficient condition for inefficiency is R;(0) > c, similarly to Corollary 1.

Alternatively, we can consider a bad news model where the probability of failure
is proportional to A. To be more precise, the probabilities of failure with known
match quality in model M, are given by

1= = Wl 1—95 = A,
-84 = Byl 1— 65 = BLA,

The value of a success and failure are y? = 0, y, = —1 /A, respectively.

Unlike the good news model, here the “news” is a failure and, upon its arrival the
posterior jumps discretely downward. Also, in contrast to the imperfect monitoring
setting of AMP, both the models exhibit inefficiencies due to a holdup problem even
asymptotically.

Lastly, a very special case of the good news model is the “fully revealing good
news” model, where By = (3; = 0. Here, any success conclusively establishes that
the match quality is good. This model parallels Horner and Samuelson (2013), and
similar inefficiencies arise in this environment as in theirs.

VI. Extensions

Our model can be extended in various directions. We briefly discuss some natural
directions in which our results generalize.

A. Spot Contracts Contingent on Output

As we saw in Section IVA, the source of inefficiency is a holdup problem arising
from the separation between the firm that collects the output and the worker, who
exerts effort. A natural question is whether this inefficiency would disappear if the
parties could write one-period contracts contingent on output. As we show below,
limited liability plays a key role in the answer. If the worker is protected by limited
liability, output-contingent contracts cannot achieve efficiency unless it was already
achievable with constant wages. But when the worker is not protected by limited

21n the experimentation literature, “good news” and “bad news” is often conclusive, i.e., one signal establishes
the match quality. This is a special case of our model when 5y = 3, = 0.
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liability, relational contracts achieve efficiency by spreading the wages for success
and failure to induce high effort.

PROPOSITION 6: Suppose the firm can commit to one-period output-contingent
contracts. Then efficiency can be achieved if the worker is not protected by limited
liability. If the minimum wage the firm must offer the worker for any level of output
is u, then relational contracts are inefficient if and only if RH(pF B ) > s

B. Combination of Verifiable and Nonverifiable Actions

In most organizations, there are some contractible aspects of a worker’s behav-
ior. Hence, the lack of contractibility in our model may seem extreme. However,
it is also common that some aspects of the worker’s behavior are not verifiable in
court. For example, a teaching assistant’s wage can be contingent on the number
of sections she teaches but not on how well she answers questions. As we show
here, the holdup problem from the baseline model remains as long as there is some
noncontractibility of the worker’s actions. Moreover, in any optimal relational con-
tract, the parties can find the use of dominated actions beneficial for reasons similar
to Proposition 3.

We model a mix of contractible and noncontractible actions by considering
two-dimensional effort e € {L, H } X {L, H } We assume that the first component
of e is verifiable in court, while the second is not. The cost of effort is separable in
the two components, and H is more costly than L on each of them. Effort is ranked
informationally as well as in payoft as follows:

(HH) » (HL) = (LH) = (LL).

Naturally, the efficient outcome involves using (H, H ) above a certain cutoff belief
and taking the outside option below. The argument for inefficiency in Proposition 2
is virtually unchanged, as the same holdup problem arises on the noncontractible
dimension. Moreover, an analogous result to our Proposition 4 holds, showing
that an optimal relational contract would involve using L on the noncontractible
dimension.

C. Continuous Effort

So far we have analyzed a setting with only two efforts, one of which is both
more informative and more profitable. A natural question is whether a continuous
choice of effort would produce similar inefficiencies. In this section, we enrich the
model by making the choice of effort continuous. Also, a more informative effort
may not necessarily be more profitable. As mentioned previously, such correlated
bandit problems are very difficult to analyze in discrete time once the information
and payoffs ranking do not coincide. However, we show that our central findings
are true in this model as well: (i) relational contracts can be inefficient, and (ii)
efforts that are worse for both information and payoff are used in an optimal rela-
tional contract.
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To this end, consider a modification of the baseline model where effort lies in [O, 1] .
Let there be two strictly increasing, concave functions -y and 3 defining the probability
of success conditional on the choice of effort (¢) and match quality () as follows:

y(e) = Pr(yh|¢9 = G,effort = e),
B(e) = Pr(y"|0 = Bieffort = e).

Let c(e) be the cost of effort e, where c is strictly increasing and convex. The myo-
pic profit from effort e at prior p is given by

hpie) = p(e)y" + (1 =(e)] + (1 =p)[Be)y" + (1 = Ble) '] = ele).
We assume that v, 3, and c are differentiable and satisfy the following assumption.

ASSUMPTION 5:

(i) ;E:; is increasing in e, and y'(e) > (3'(e).

(ii) ¢(0) = ¢'(0) = 0.
(iii) ~'(1) < ¢'(1).

The myopically efficient action at belief p is denoted by é(p) and given by

— g, = (@) + (1 -p)B@P)] " -] - <)) = 0.

Assumption 5 implies that ¢ is increasingand 0 < ¢ := ¢(0) < ¢(1) = e < 1.
That is, conditional on the match quality being good (bad), the efficient action is
e (e), which is strictly less than one (larger than zero).

The measure of informativeness for an effort e is the fraction (e)/3(e), which
is increasing due to Assumption 5. Hence, higher effort levels are more informative
but not necessarily more profitable.

As in the baseline model, the optimal policy for the efficient outcome is charac-
terized by a cutoff pF B below which the outside options are taken. Also, the value
function is convex. Therefore, efforts dominated in both payoff and informational
content are not used. In particular, efforts lower than e are never used.

The holdup problem in the baseline model arises because the action chosen at the
efficient cutoff is costly to the worker. Here too, since the lowest effort chosen is e,
the choice of effort at p’® will involve a cost to be borne by the worker. Therefore,
the qualitative nature of the holdup problem is identical to the case of two efforts
resulting in efficiency not being achievable in any relational contract. Moreover, a
condition analogous to our Proposition 4 shows that efforts that are worse for both
information and payoff will be used in the optimal relational contract.
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Effort

Optimal relational contract

Efficignt solution

FIGURE 5. PLOT OF EFFORT IN THE PLANNER’S AND AGENCY PROBLEM

Note: Parameters: y(e) = 0.95e, (e) = %\fe,c(e) = 0.9¢2—0.009, ¢ € [0.1,1].

While we have highlighted the form of inefficiency resulting in the use of efforts
that are inferior for information as well as payoff, in this richer model, the opti-
mal relational contract may involve the worker choosing an inefficiently higher
effort. This can be seen numerically as shown in Notice that, for a range
of beliefs in the middle, the worker chooses an effort that is higher than the effi-
cient benchmark. Also, as we can see, the optimal effort is nonmonotonic in both
the efficient benchmark and the optimal relational contract. This nonmonotonicity
arises because the informational and payoff rankings do not coincide. This is
precisely why correlated bandits are difficult to analytically understand in such
problems.

D. Exogenous Learning

The three-region structure obtained in Proposition 3 suggests that higher effort
is used at higher beliefs when efforts have the same informational and profitability
rankings. Although this property does not generalize to a setting with more than two
effort levels, monotonic effort can be recovered in a simpler model where each effort
is equally informative.*”

22McAdams (2011) also considers exogenous learning with relational contracts set in a partnership game with
two effort levels and shows a similar monotonicity of effort.
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To formalize this model, suppose the set of effort levels is [O, 1] and the prob-
abilities of success given good and bad match quality are v and (3, respectively,
regardless of the effort. Let g:[0,1] — R, and c:[0,1] — R, be strictly
increasing, C? functions describing the revenue from success and the cost of effort,
respectively. We assume g is concave and ¢ is convex with ¢(0) = 0. The revenue
from failure is zero, regardless of the effort. Hence, the myopic profit of effort e at
a prior p is given by

h(p.e) = [py+ (1-p)B|g(e) —c(e).

7(p)

In particular, if we assume that 7(p)g'(1) —¢/(1) > 0 for all p, then the effi-
cient solution would naturally involve the outside options below a cutoff p*® and
effort e = 1 above it.

Now consider the surplus from effort e at prior p in a relational contract:

(1 0)h(p.e) + OE*S(p).

Since all efforts are equally informative, they all bring the same expected continu-
ation surplus E* [S (p)] . Hence, higher effort is more profitable. Its use is precluded
only by the incentive constraint:

S[E°S(p) — 1] = (1=0)ce).

Since the cost of effort is increasing, the set of incentive-compatible effort levels
at prior p is an interval [0, e (p)] , where e is increasing. The optimal relational con-
tract involves the outside options below a threshold belief p and effort e (p) at any
higher belief. Hence, the effort is smoothly increasing in the belief. As in the con-
tinuous effort model in the previous section, our main results regarding inefficiency
and the use of dominated efforts in equilibrium can be shown to hold.

VII. Conclusion

In this paper, we studied a dynamic firm-worker relationship with symmetric
uncertainty about match quality and limits to contractibility. There are two main
takeaways. First, despite the absence of private information, uncertainty about the
match quality can preclude efficiency. Second, the presence of actions that produce
both worse information and worse payoffs offers a partial remedy, as they may be
cheaper to incentivize. The inefficiency is robust to various extensions of the model
and persists in a frequent action limit. Moreover, separating the effects of higher
patience and shorter period length reveals that limiting efficiency depends on the
relationship between the rates of decay of information and impatience.

In our view, the two key features in our environment—unknown match qual-
ity and incompleteness of contracts—are pervasive. Therefore, our model could
serve as a building block toward studying various other economically important
scenarios, such as obtaining the nature of relational contracts when there is partial
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contractibility in the form of spot contracts on output or even long-run contracts on
output. Another natural direction is to endogenize the outside option by embedding
our model in a labor market with search frictions. Also, as mentioned in Section IIB,
our model is formally equivalent to a setting where the firm assigns jobs to the
worker. This interpretation relates us to Pastorino (2019), who finds, in a setting
with worker not being strategic, that learning about ability accounts for one-quarter
of cumulative wage growth of a worker. We believe that our framework can be used
to understand the effect of learning on wages when the worker is strategic.

APPENDIX
A. Proofs from Section I1I1A

PROOF OF PROPOSITION 1:

G is the unique solution of the Bellman equation f = Tf. Standard contraction
mapping arguments establish that G is increasing. To establish the convexity of G,
letf € B[O, 1] be convex. It suffices to show that Ty f and T} f are convex since a
maximum of convex functions is convex. To this end, let py,p, € [0,1],A € [0,1],
andp = Ap; + (1 — A)p, and notice that

7)) :f<)‘7TH(P1) apr (1= A) m(p2) ’mpz>

7711(15) 7TH(p1) 7TH(ﬁ) 7TH(P2)

>\7TH(P1) + (1 *)‘) TFH(pZ) +
< 7 (p) f(TFH(Pl)) +T(p~)f(7rfl(p2))
and
fma(p)) < )\(11+:((§)1))f(ﬂ'H(pl)) + (1 —?)_(;;(;;:(mﬁf(m(pz)).

It follows that

Tuf(p) = (1= 0)(Ru(p) —¢) + 0(mu(p) A(7a(P)) + (1 = 7a(p)) f(7a(7)))

AN
=
|
=
=
=
e}
|
[
S~ ~——

= A((1 = 0) (Ru(p1) — ¢) + SE"|f(p)])
+ (1= A)((1=8) (Ru(p2) — ) + SE" [f(p2)])
= ATuf(p1) + (1= A) Tuf(p2)

as required. The argument for the convexity of 7; fis analogous.
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The convexity and monotonicity of G imply that 75,G > T;G, so L is
never used in the optimal policy. By Assumption 1, Ry(1) > s > Ry(0), so
G(1) = yy—cand G(0) = s > TyG(0). By continuity of G, there exists a max-
imal belief p™® ¢ (O, 1) such that G(pF B ) = s. Since Ty G is strictly increasing,
G(p) > sforallp > p'®. Hence, the optimal policy is to take the outside options

at beliefs p < p’® and to choose H at higher beliefs. Clearly, p*® is unique. B
B. Proofs from Section I1IB

Here, we adapt the results of APS to our setting. We begin by obtaining the worst
equilibrium payoffs.

LEMMA 2: (u,v) € &(p) for all p.

PROOF:
Letp € [0,1]. Consider the following strategies:

(i) The firm never interacts with the worker.

(ii)) The worker accepts wage offer w if and only if w > u and always
chooses L.

As the worker is never rewarded for choosing H, he chooses L whenever he accepts
the wage offer. Since he expects to receive his outside option in the future, he only
accepts wage offers above u. Given that the worker chooses L, the firm does not get
enough expected output to justify paying the worker u since R (p) < R.(1) < s.
Hence, the strategies constitute a PBE with payoffs (g, y) at belief p. m

Let Cy denote the set of bounded payoff correspondences W : [O, 1] — R% LetC
denote the set of compact-valued, upper hemicontinuous correspondences W € (,,
such that (I/L, \L) € W(p) for all p.

We say payoffs (u,v) are enforceable with respectto W € Cjatbeliefp € [0,1]
if they can be decomposed by an action profile in the initial period and continuation
payoffs as described in the recursive formulation in Section IIIB, except that the
continuation payoffs are drawn from W instead of £.

DEFINITION 2: Let BW(p) be the convex hull of the set of payoffs (u,v), which are
enforceable with respect to W € C at belief p.

It is straightforward to check that BW € C whenever W € C.

DEFINITION 3: A correspondence W € C, is self-generating if W(p) < BW(p)
for all p.

PROPOSITION 7 (Self-Generation): If W € C is self-generating, then BW(p)
C &(p) for all p.
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PROOF:

Letp € [O, 1] and (u, v) € BW(p). If (u,v) = (u,y), then Lemma 2 implies
(u,v) € E(p). Otherwise, (u,v) is enforced by effort e, wage w, and continua-
tion payoffs (u*,v*) € BW(qu(p)) and (u-,v7) € BW(qb;(p)) since W is
self-generating. Construct inductively equilibrium strategies as follows: in the initial
period, the firm offers wage w, the worker accepts and exerts effort e. Continuation
strategies after any deviations follow the PBE in Lemma 2 with payoffs (u,v).
Continuation strategies on the equilibrium path are constructed by decompos-
ing the continuation payoffs inductively in the same manner. An application of
the one-shot deviation principle shows that the strategies form an equilibrium.
Boundedness of W guarantees that the resulting equilibrium payoffs equal (u,v), as
required. B

PROPOSITION 8 (Factorization): BE(p) = &(p) for all p.

PROOF:

Since equilibrium payoffs are bounded by the outside options and the production
technology, & € Cy. Letp € [0,1], (u,v) € &(p). By Proposition 7, it suffices to
show that (u,v) € BS(p). If (u,v) = (u,y), this is trivial. Otherwise, consider
without loss of generality a PBE o at belief p with payoffs (u,v) without public
randomization in the initial period. The payoffs (u, v) are enforceable with respect
to W at p, since they can be decomposed by the first-period effort and wage, and
the on-path continuation payoffs following success and failure in o. To see this,
note that (u,v) > (u,v) since the players are free to exercise their outside options.
Moreover, the incentive constraint for H given by (3) holds since otherwise the
agent can profitably deviate from o in the first period by exerting L and taking his
outside option in the next period. Hence, (u,v) € BE(p), as required.

PROPOSITION 9 (APS Algorithm): Let W, € C satisfy Wy(p) 2 BWy(p)
and Wy(p) 2 &(p) for all p. Inductively define W, = BW,_, for alln € N. Let
W(p) = ﬂneNWn(p)for all p. Then W*(p) = E(p) for all p.

PROOF:

Observe that B is monotonic: any correspondences U,U’ € C, with U(p)
C U'(p) for all p satisfy BU(p) C BU'(p) for all p. Hence, W,_;(p) 2 W,(p)
for all n,p and consequently, W*(p) 2 &(p). To show the converse inclusion, it suf-
fices to show W* is self-generating. To this end, let p € [O, 1] and (u,v) € W*(p).
Then (u,v) € BW,(p) for all n. We want to show (u,v) € BW*(p). It is suffi-
cient to consider (u, v) # (u, y). Then, there exists an effort level e such that
(u,v) € BW,,) is decomposed by e for infinitely many n. Along this subsequence,
let w, denote the wage offered, (uj[,vj{) and (u,,v,) be the continuation payoffs
following success and failure, respectively. Without loss of generality, these sequences
converge to w, (u*,v*) and (u_,v_), respectively. Compactness of W, (¢, (p)) and
anqﬁe (p); and monotonicity in n imply (u*,v*) € W*(gzﬁj(p)) and (u™,v") €
W*(¢. (p)). Hence, (u,v) is enforceable with respect to W* at belief p through
wage w and continuation payoffs (u",v") and (u~,v"), thatis (u,v) € BW*(p).m
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COROLLARY 2: £ is compact-valued and upper hemicontinuous.

PROOF:
This follows from the fact that each W, in the statement of Proposition 9 is
compact-valued and upper hemicontinuous. B

C. Proofs from Section I1IC

It will be useful to operate on payoff correspondences that, like the equilibrium
correspondence, are fully described by the maximum sum of payoffs that can be
achieved at every belief.

DEFINITION 4: Let D be the set of all correspondences W € C such that
W(p) = {(wv)l(wv) > (wv),ut+v < S¥(p)} forallp

for some SV [0,1] — [s,70 — |-

LEMMA 3: I[fW € D, then BW € D.

PROOF:
Let

BW(,\ —
S7%(p) = (u’vgrelagviv(p)u—i—v for all p.

Let p € [O, 1]. Notice that SBW(p) > s by definition of the operator B.
Moreover, RH(I) — ¢ is an upper bound on the sum of payoffs in a single period,
SO SBW(p) € [s_,RH(l) - c]. It only remains to show that if (u,v) > (u,v) and
u+v = S8 then (u,v) € BW(p) (the rest follows from taking convex com-
binations of (u,v) and efficient payoffs in BW(p)). The statement clearly holds
if SBW(p) = §, SO suppose SBW(p) > s and consider any such (u,v). There exists
a payoff (u',v") € BW(p) withu' +v" = SBW(p), which does not involve public
randomization since BW(p) is a compact, convex subset of [, 00) X [v,00). The
payoff (u,v) can be supported by the same effort and continuation payoffs as (u',v")
through an adjustment of the wage. B

Lemma 4 states that in any optimal relational contract it is without loss of gener-
ality to give the worker the highest equilibrium continuation payoff. This can only
improve the incentives for the worker to exert H, and the wage can be used to redis-
tribute the surplus without violating incentives for the firm. The same result holds
when L is enforced but is not needed.

LEMMA 4: Let W € D, p € |0,1|. Consider a payoff (u,v) such that

u+v = max{u’ +v'| (u',v') € BW(p) is enforced by H}.
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Then (M,V) can be enforced by effort H and continuation payoffs ot
= SW(C?IJ?(P)) —vandit= = SW(qﬁ;I(p)) — v for the worker.

PROOF:
By definition, (u,v) is enforced by some wage w and continuation payoffs
(u’,v’) € W(gb},(p)) fori € {+, —}. Let ¥ = v for all i. Since W € D, we

have (ﬁi, fzi) € W(gb},(p)) for all i. Consider a wage

A

w o= W_ﬁ[ﬂH(P) (v —v)+ (1 —mu(p)) (v —z)].

We want to show that (u,v) is also enforced by H, wage W, and continuation payoffs

(12+,f1+) and (&~,7") following success and failure, respectively.

Efficiency of (u,v) implies that u +v = S(gb},(p)) for all i, so the prom-
ise-keeping constraints readily hold:

v = (1= 08)[Ru(p) — W] + o[mu(p) ¥ + (1 = 7a(p)) V7]

u = (1-9) [vAv—c] —|—5[7TH(p) at+ (1 —WH(p))LAF].

It remains to check the incentive constraints. Clearly, (u,v) > (uv), so we only
need to check the incentive constraint for effort. For any i we have

$"(oh(p) = v = it

sovi >y implies #' > u'. Since the incentive constraint holds in the original
decomposition with continuation payoffs u" and u~, we have

which completes the proof. B

The following result follows directly from Lemma 3 and Proposition 9.
COROLLARY 3: £ € D.

Now we are ready to show the equivalence of operating on the frontier of the
equilibrium set through the APS operator B and operating on the maximum equilib-

rium surplus function through 7.

LEMMA 5: S%¥(p) = T.8%(p) for all p.
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PROOF:
It suffices to show that, for any belief p

(i) The maximum sum of payoffs in BW(p) decomposed by L, if it exists, is equal
to 7T, S W(p). If no payoffs in BW(p) are decomposed by L, we have T}, SW(p)
< S

(ii) The maximum sum of payoffs in BW(p) decomposed by H, if it exists,
equals TS W(p) , and the incentive constraint below holds:

5) mulp) S™(6h(p)) + (1~ 7u(p)) " (0(p)) = 5+ 150

If no payoffs in BW(p) are decomposed by H, we have either 7); S W(p) < s
or the incentive constraint (5) does not hold.

Letp € [O, 1]. The maximum sum of payoffs in BW(p) decomposed by e, if it
exists, is given by TeSW(p); the effort pins down the flow payoff as the wage trans-
fer cancels out and maximality implies that the players share the maximum future
surplus, as higher payoffs do not hurt incentives. Moreover, in the case of ¢ = H,
Lemma 4 states that this maximum sum of payoffs can be achieved by setting con-
tinuation payoffs u' = § W((;qu(p)) —ufori € {+,—}. Therefore, the incentive
constraint

Ty (p)u’ + (1 —WH(p))u_ > u+ 1 g(sc

becomes equivalent to (5).

Hence, it remains to show that when 7, S W(p) > sand, inthe case of e = H, (5)
holds, there exist payoffs in BW(p) decomposed by effort e. This can be achieved by
setting continuation payoffs v\ = vandu' = § (qb’e(p)) — v for all i and adjusting
the wage to ensure that each player receives at least his outside option. In the case
of e = H, this composition of continuation payoffs implies that (5) is equivalent to
the incentive constraint for effort. This completes the proof. B

Now we have all the ingredients to the Proof of Lemma 1.

PROOF OF LEMMA 1:

Since £ € Dand S = §% Lemma 5 and Proposition 8 imply § (r) = T.5(p)
for all p. Thus, S is a fixed point of 7.

Let f: [0, 1] — R be a bounded function satisfying f > S and f > T,f and
Wo(p) = {(u,v) > (u,y) lu+v < f(p)} for all p. Hence, W, € D. Lemma 5
and f > T.f imply Wy(p) 2 BWy(p), whereas f > S implies that Wy(p) 2
E (p) for all p. Thus, W, satisfies the conditions in Proposition 9. In the notation of
Proposition 9, we have W,, € D for all n by an inductive application of Lemma
3. Thus, SW"(p) = TQ’SW"(p) for all n and p by Lemma 5. Since £ € D and
W,,(p) converges to £(p) for all p, we have that lim,,_, SV (p) = S(p) forevery p.
Moreover, W, (p) 2 W, (p) implies T.f > T!*'f.
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Finally, we can take f = G since the equilibrium cannot improve upon the effi-
cient outcome (G > S) and G = maX{THG, TLG,Q} > T.G.n

D. Proofs from Section IVA

PROOF OF PROPOSITION 2:
Rearranging

G(p™) = s = (1-0)(Ru(p"™) — ) + SE"[G(p"™)],

we obtain
© (=9 = (1) (Ralp™) ~5) +5(E"[6(p™)] ~5)
Consider the application of T, to G. If RH(pF B ) < s, (6) implies

S(E"[G(p™)] =5) = (1=0)e.

so the incentive constraint in the definition of 7, is satisfied at all
beliefs p > p.  Hence, T.G(p) = max{THG(p),TLG(p),g} = G(p)
for all p > p. Moreover, s < T.G(p) < G(p) = s for all p < ptB.
Hence, 7.G = G. The algorithmic part of Lemma 1 implies S = G, so relational
contracts are not inefficient.

If, instead, TrH(pFB) > s, (6) implies

6<EH[G(pFB)] —g) < (1=9d)ec.

By continuity of G and the belief updates ¢} and ¢}, the strict inequality above
holds for some p > p’®, at which the incentive constraint for H is not satisfied. Then
T.G(p) = max{TLG(p),g}. Since G(p) = TyG(p) > T;G(p), Lemma 1
implies S (p) < G(p). Hence, relational contracts are inefficient. B

E. Proofs from Section IVB

To prove Proposition 3, we first establish some properties of S similar to, but
weaker than, the properties of G in Proposition 1.

LEMMA 6: S is increasing and upper semicontinuous with S(0)
= Ry(1) — c. There exists a unique belief p* € (0,1] such that
p < p andS(p) > s forp > p~.

= s and S(l
S(p) = 5 fo
PROOF:

The upper semicontinuity of S follows directly from the upper hemicontinuity of £
established in Corollary 2. We now turn to establishing that S is increasing. Since G
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is increasing, Lemma 1 implies it is sufficient to show that 7, maps increasing func-
tions to increasing functions. Let f be one such function. Notice that the incentive
constraint for H in the definition of 7 f can be rewritten as h(p) > A, where A is
a constant and 4 is increasing and upper semicontinuous. Moreover, other things
equal, T, fis larger if the incentive constraint is satisfied. Hence, it is sufficient to
show Ty f and T} f are increasing and upper semicontinuous. This follows directly
from the fact that ' has the same properties.

The algorithmic part of Lemma 1 also implies that the values of S at zero and
one can be found by showing that 7,G(0) = s and T,G(1) = Ry(1) —c. The
former follows from s < 7,G(0) < TG(O) = G(O) = s, while the latter is a
consequence of Assumption 3.

Since RH(l) —c¢ > s, the monotonicity of S implies there exists a maximal
belief p* such that S(p) = s if p < p* and S(p) = max{TyS(p).T.S(p)}
if p > p*. That p* is unique follows from the strict monotonicity of TyS, T, S,
and 4. 1

Next, we establish that the three-region structure in Proposition 3 is obtained if
the surplus function exhibits a monotone policy.

LEMMA 7: If § exhibits a monotone policy, there exist beliefs p, p such that

s ifp <p
S(p) = {1LS(p) ifp < p < P.
TyS(p) ifp > p

PROOF:

By Lemma 6, there is a threshold belief p* such that the players take their outside
options at beliefs p < p* and interact if p > p*. The monotonicity of S implies
that if the incentive constraint is satisfied at some belief, it is satisfied for all higher
beliefs. Let p’ be the minimum belief at which the incentive constraint for H is
satisfied. Note that such a belief exists due to S(1) = Ry(1) — ¢, and the infimum
is attained due to the upper semicontinuity of S. Hence, T.f(p) = Tyf(p) if and
only if p > max{p*,p’“}. Putting p = p* and p = max{p*,p’“} completes the
proof. i

The final piece of the Proof of Proposition 3 is the following lemma, which
ensures that the monotone policy property is preserved under 7.

LEMMA 8: Let f be an increasing function that exhibits a monotone policy. Then T, f
is increasing and exhibits a monotone policy.

PROOF:
The Proof of Lemma 6 showed that 7', fis increasing when f'is increasing. Hence,
there exists a maximal belief p* such that T, f(p) = 5,Vp < p*.Ttremains to show
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that T, f exhibits a monotone policy. Let p € [0, 1]. We will show that T (7.f) (p)
> T (T.f)(p). We examine two cases depending on where the posterior beliefs lie
relative to the cutoff p™.

Firstly, if p* > ¢, (p), we have T*f(qﬁz (p)) = 5. Also, ¢; > ¢p implies
that T, f((bf,(p)) = ssince T,fis increasing. Hence,

Tu(T.f) (P) = TL(T.f) (P)
> (1= 0) (Ru(p) — ) + 8[mu(p) TS(@1h(p)) + (1 = 7u(p) )]
— (1= 8)Ru(p) = 8[m(p) T-A(9L (p)) + (1 = ma(p))s]
> (1— 5)(RH(p) —c —RL(p)) > 0,
where the second inequality follows from Ry(p) > R.(p) and T,j(gi)ﬁ(p))
> T.f(¢1(p)) > s
Secondly, suppose p* < ¢ (p). Then T.f(q') € {THf(q’),TLf(q’)} for any
q € {qﬁf(p),tbz (p)}, which implies T f(¢") < Tyf(q') since f exhibits a mono-
tone policy. Thus, 7;.(7.f) (p) < Ti(Tuf)(p). and it follows that
Tu(T.f) (P) = Tu(T.1) (P)
> Tu(Tof) (p) — To(Tuf) (p)
= (1=0)(Ra(p) — ¢) + 6(1 = 3) (E"[Ru(p)]) + > E™*[f(p)]
(1= 8) (Rulp)) +8(1 ) (E*[Ra(p) — ) + 2 E“[s(p)])
= (l —0) (RH(p) — c) + (1 —9) R.(p)
= ((1=8)(Re(p) =€) + (1 = ) (Ru(p) = c))
= (1 — 5)2(RH(p) —c— RL(p)) > 0,

where

B [f(p)] = e () E[A(m(p))] + (1= 7 (p)) B [f(a (0))]

for any ej,e, € {H,L}. This completes the proof.

PROOF OF PROPOSITION 3:

We know from Lemma 1 that § = lim,_,.G,, where G, = T} G. Since G is
increasing and exhibits a monotone policy (Proposition 1), Lemma 8 implies that
G, exhibits a monotone policy for all n. Taking limits yields Ty S(p) > T.S(p) for
all p, so S exhibits a monotone policy. Lemma 7 completes the proof. B
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PROOF OF PROPOSITION 4:

Suppose, for the sake of contradiction, that p = p. Consider some belief
p = p — e forsome small ¢ > 0. It suffices to show that L generates more surplus
than the outside options.

We know that § ((bZ(p)) > §(p) whenever ¢ is small enough. So the joint sur-
plus from L at belief p is at least

(1=0)Ru(p) + S[me(p)S(P) + (1 — 7u(p))s]
(1= 0)Ru(p) + 8w (p) (1 = 8) Ru(P) +s) + (1 = 7(p) )s]
= (1= 0)Ru(p) + 0[me(p) (1 = ) (Ru(P) — s) +34]

= s+ (1=0)[Re(p) — s+ 3m(p) (Ru(P) — 5)]-

v

This exceeds s whenever

R.(0) — s + 57, (0) (Ru(0) —

Y
o

as required. B
E. Proofs from Section V

PROOF OF THEOREM 1:

Any limit in this proof is taken as k — oc.

We begin with some preliminaries regarding the efficient solution, which are a
direct consequence of Proposition 1. For any k deﬁne Gy (p) = Gk(d);},k(p)) and
Gi (p) = Gk(qS,},k(p)) We have that p > pi®if and only if

(1= 80 (Ru(p) — ) + [ mh(p) GL (p) + (1 —7hi(p) )s| = s.
which can be rearranged as

) f’fﬁ’%k; (GE(p) —5) = 5= (Ru(p) —c).

and (7) holds at equality if p = pf®. Since G, is increasing, convex, and
Gi(p) = Ru(p) — c, each subgradient of G at any p is bounded above by R (1) —
Ry(0). Hence, the family (Gy) is equicontinuous, and, by the Arzela-Ascoli theo-
rem, it has a subsequence that converges uniformly. In what follows, we will assume
that this is the original subsequence and use G to denote the limiting function.*
In addition, notice that Ry (1) — ¢ > s and Gi(p) > Ry(p) — c for all p,k imply
that pf® < 1 and G(p) > sforsomep < I.

23This is without loss of generality since the only properties of the sequence we will need are pf® — pf®

and p, — p,, which hold at any subsequence.
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In the optimal relational contract, the following incentive constraint holds:
5e(mhi(Pe) (SE(Be) = ) + (1= 7h(Be) ) (Sc () = 5)) = (1= e,
where S (p) = Sk(¢;§,k(p)) and Si (p) = Si(¢m(p))- A sufficient condition is
(8) 5k7flil(l_7k)(5k+(l_7k) - £) > (1 —=d)c.

Lemma 6 and Helly’s selection theorem imply that (Sk) has a subsequence that
converges pointwise to some function S. Without loss of generality, we take the sub-
sequence to be the original sequence.

We continue by describing the relationship between both parts of Assumption 4
and lim (Var’,‘{(p) /(1— 5k)) . The variance of the posterior at prior p can be expressed
as

(v — Bh)°
mh(p) (1 = ()

varh(p) = (p(1-p))’

where
9 Vi — B 1 q Vi— By 1
©) k = o Koy T 1 :
lp) Pty L
8 -4

Suppose both parts of Assumption 4 hold. Then the limits of (7’;, — ﬁ’,‘g) / w’,‘,(p) and
(’y’}{ — ﬂll‘i)/(l — W];,(p)) are finite for all interior p. Hence, lim(var],‘{(p)/(l — 5k)>
= oo. In addition, Bayesian updating necessitates that 0 < liminf 7T]1{.1(p)
< limsupw'fq(p) < 1 for all p.

Suppose Assumption 4(a) holds but Assumption 4(b) does not. Then (9) implies
that (yfil - [5”}{) / W];{(p) converges to a finite limit for all interior p. Moreover,
Bayes’ rule implies 7'('];.](]?) — 0 for all interior p, which implies 35 — 0. Hence,
lim(varlji(p) /(1 — 5k)) is finite for all interior p if and only if the limit of

is finite. Let 7° = lim(wll‘,/(l - (5k)). Hence, lim (Varlil(p)/(l - (5k)) is finite for all
interior p if and only if 7* is finite if and only if lim(w'}{(p) /(1 — 5k)) is finite for
all p.

ﬁAssumption 4(b) holds but Assumption 4(a) does not hold, (9) implies that
(fy’,‘i - ﬁ’,‘{) / (1 — w’},(p)) converges to a finite limit for all interior p. Bayes’ rule
implies wll‘{(p) — 1forallpand 55 — 1.Hence, lim(vark(p)/(l — 5k)) is finite if
and only if lim((~§ — B%)/(1 — &)) is finite if and only if lim ((1 — 8f)/(1 — 5;))
is finite (see (10)).

We proceed to give separate proofs for the cases when parts (a) and (b) of
Assumption 4 hold.
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PROOF OF THEOREM 1 UNDER ASSUMPTION 4(a):
Suppose Assumption 4(a) holds. The preliminary arguments establish that, if

Assumption 4(b) holds, hm(varH( )/(1— 5k)) = oo forallinteriorp and 7* = oo
since the probability of success is bounded below. If Assumption 4(b) does not hold,

(i) holds if and only if 7" is finite. Hence, we conclude that (i) holds if and only if 7"
is finite, regardless of whether Assumption 4(b) holds.

(i) = (ii), (iii): Suppose 7* is finite and pf® = 0. Then the RHS of (7) con-
verges to s — RH(O) + ¢, which is positive by Assumption 1. Hence, when 7* is
finite, we can show p® > 0 by showing that the LHS of (7) at pf? converges to
zero. This implies p, > 0.

It lim(vH/ﬂH) < 00, ¢f k( £ B) — 0, and, by the uniform convergence of
(Gk) we have G ( FB) — 5. Since 7" is finite, this implies that the LHS of (7)
at p5® converges to zero.

If lim(fyZ/ 51;1) = 00, the finiteness of 7* implies that lim(ﬂ]}{/ (1— 5k)) = 0.
Thus, 7TH( )/(1 =) — pr*forall p. It follows that the LHS of (7) converges to
zero, as required.

(i) = (iv): Suppose 7" is finite, RH(pr) > s, and p, = ptB. There
existe > 0 and K such that

Sk (pt® Oipe”
S st ) -5) = T () )

< 1 L) (G, o p19)) ) -

s— (RH(pr) - c) +e

IN

< §— RL(pr + 6)

for all k& > K,. The first inequality follows from S, < G, and
Assumption 1. The second inequality holds for any e > 0 small enough due
to three limit results: Gk(qﬁzk(pr)) — G(gszk( )) hm(w’,‘,( &)/ —6k)>

hm(ﬂ]g( )/(1 — 5k)) < 00, and 0; — 1. The first follows from the uniform
convergence of ¢ 1.« and the uniform convergence of (Gk) to G. Toward the second
limit, notice that

k
k — 1 —
Tha(p) = /8H< P +P6H>

so Assumption 4() implies that limk(wll‘{( )/7TH( FB)) = 1. Since 7 is

finite, hmk(ﬁ’,‘,( ) /(1 — 5k)) exists, giving the desired result. The penultimate
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equality follows from (7) and ¢}, < ¢p The final inequality is a result of
Assumption 1 for an appropriate choice of e.
The resulting inequality can be rearranged to show

(1) (1= 8 (Ru(p) = s) + Su(mb(p) Su(01a(p)) + (1 = 7 (p))s) < s
forall p < pfP+e, k > K.

Let K, be such that p, < pf®+ ¢ for all k > K, and let K = max{K,K,}.
Suppose that there is a region where L is used in an optlmal relational contract for
some k > K. By Proposition 3, there exists p < pI® + ¢, at which the surplus
from L is no less than s and S;(¢7,(p)) = s. This is a contradiction to (11). Hence,
for all k > K, the optimal relational contract does not use L, and the incentive con-
straint implies

S (P N
(12) kﬁ_glc %%?(Gk (Pr) — )

v

C.

Since 7* is finite, 5k7r'1§(13k)/ (1 — ;) converges to a finite number. Hence, the
uniform convergence of (Gy) and (7) imply that the LHS of (12) converges to
s — (RH(pr) c), a contradiction to RH(pr) > 5. Hence, we conclude
that pf% < p,.

(i) = (i): Suppose 7 = oco. We want to show that pf® = 0. Let p
= sup{p]G( = s} < 1. Suppose for a contradiction that p > 0. By
Assumption 4, there exists ¢ > 0 such that ¢; k( 5) > p+ e for all k large
enough. Hence, G{ (p —&) > s+ for some n > 0. Then (7) implies piB
< p — e for high k, and it follows that

Gu(p) = (1= 3) (Ru(p) =€) + [m(p) Gi (p) + (1 = m(p)) Gi (P)]

G;(li)¢;f(];()p) T —1 <J5_Hik(p) (Ru(p) = ¢ = Gic(p))

+ 5@%(@@) ~Gi(p))

forany p € (p — ¢,p). Notice that

hp) _ mh(p)(1 - h(p)
P—uxP)  p(1—p)(vh—8%)

Assumption 4(a) and (9) imply that hm(wH(p) /(i — ﬁH)) is positive and finite.
The preliminaries of the proof show that if Assumption 4(b) holds, then 1 — 7T]1{.1(p)
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is bounded away from zero. If Assumption 4(b) does not hold, 1 — ﬁ’ﬁ,(p) — 1 for
all interior p. Hence, there exists a constant ( > 0 such that

1) N W

p(1=p)> = p—dm(p) ~ P(1-p)C
for all interior p. Hence, 7* = oo implies
P B 1k— 5 W’ff(f?) _
P — ¢ux(p) Th(p) P — Pui(P)
forallp € (p—e,p). Since Ry(p) — ¢ — G (p) is uniformly bounded, we have
_Gp) = Gi(p) . mh(p)
lim—————~ = lim§,—————(G; (p) — Gy .
p— o (p) "p—¢1?(p)( ((r) =G ()

Hence, there exists K such that forallk > Kandp € (]3 — g, 13), we have

GP) =G P) 1 iy 1
p— ¢ (p) 27 pelp—<p) p'(1 = p')
Consequently, there exists a constant ;1 > 0 such that G(p — (¢/2)) > s+ p for
all k > K, in contradiction to G(p — (¢/2)) = s.
We conclude that p = 0. Hence, for any p > 0, there exists K such that
Gk(p) > sforall k > K.Itfollows that pf? — 0, as required.

(iii) = (i): Suppose m* = oo. We want to show that p, = 0. The strategy
follows the argument for (ii) = (i) with some modifications.
Letp = sup{p 1S(p) = g} Our first goal is to show that p < 1. Let

s ifp < p
flp) = p—ri . ,
s+ (Ru(1) —¢) 7=, ifp = p
where p; is large enough to ensure Ry(p) —c > f(p) for all p > p;. Let T*
denote the operator T, within model M,. Consider the function T*f at belief p,.
Assumption 4(a) implies there exists a constant 7 > 0 such that S (P1) = s+n
for k large enough. Hence, 7* = oo and (8) imply that the incentive constraint
holds at all p > p, for high k. The convexity of fimplies that E¥ [f(p)] > f(p) for
all such k and p, where E denotes the E operator in model M,. Hence,

Tif(p) = (1= &) (Ru(p) — ) + &EL[f(P)] = f(p)

forallp > p;. It follows that Tfﬁf(p) > f(p) forallp € [0,1] and k large enough.
Hence, the correspondence

Wf(p) = {(u,v)\(u,v) > (w,v),u+v Sf(p)} for all p

is self-generating, and Proposition 7 implies that S, > f for all k large enough.
Hence,p < 1.
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Suppose that p > 0. Define € and 7 as in the proof of (ii) = (i), so that
Sy (b —€) > s+mn.Sincen™ = oo, the incentive constraint (8) holds for all k large
enough. It follows that p, < p — ¢ for high k. Replicating the remaining part of the
argument for (ii) = (i) shows that we must have p = 0. It follows that p, = 0,
as required.

(iv) = (i): Consider a sequence of models where all parameters except

for §; are constant and Ry(0) > s. Then 7* = oo, which implies p, = piB,
butRH(pr) = 5. Hence 7 = oo implies that statement (iv) is false, as required. B

PROOF OF THEOREM 1 UNDER ASSUMPTION 4(b):

Suppose Assumption 4(b) holds. In light of the previous part of the proof, we
will assume without loss of generality that Assumption 4(a) does not hold. Then
77’}1(])) — 1 for all p. Let \ = lim((fylfi — Bk - (5k)). It follows from
the preliminary discussion that (i) holds if and only if A\ is finite if and only if

1im((1 — B85/ — (5k)) is finite. Notice that Assumption 4(b) implies that
lim((l — /(1 = 5k)) is finite whenever lim((l —B5)/(1 - 5k)) is finite.

(i) = (ii), (iii): Suppose A is finite and pf® = 0. Since

kK ok
oi(p) —p = p(1 —p)ffg—@ﬂ)’{

and the bound on the subgradient of G, implies that

G (pt®) — s
oii(pi®) — pi® < Rull) = Ru(0)

for all k, it follows that

8,k k ok
TP (G (pf7) — 5) < (Rul1) ~ Ru(0)) apf(1 i) =2

< (Ru(1) = Ru(0)) (A +2) pi®(1 — pi)

for large k. Hence, pf® = 0 implies that the LHS of (7) at pf® converges to zero,
while the RHS convergestos — (RH(O) — c) > 0,acontradiction. Hence, pf > 0
and p, > 0, whenever ) is finite.

(i) = (iv): Suppose pf® = p, = p, and Ry(p.) > s. There exists p > p,
such that ¢, (p) < p.forallp € [p,.p|. Hence, for k high enough, the incentive
constraint at p, is given by

8, (p
(13 TP (s ) 5) > e
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For any p > p;, we have
S@) = (1= 0) (Ru(p) =€) + | 7h(p) S (p) + (1 = k) ¢ (1)
= SE(p) — (1= 7h(p)) (SE(P) — Sk ()

+ (1= 0 ((Ru(p) = <) = (whi(p) SE (p) + (1 = 7h(p) ) SE (P) ) ).

Hence, the following holds for all k high enough:

v (Pr) — s 1 — (B
(14 > f”_>5k = 1_§f (s (7)o

— (Ralpe) — <) + (wh(p) SL(P0) + (1~ (o).

Since Assumption 4(b) does not hold, ¢}; (p) — pforall p. Hence, the uniform
convergence of G implies that G,f(ﬁk) — 5. It follows that Sy (p;) — s. Since
lim((l -85/ — 5k)) and lim((l -~/ = (5k)) are finite, it follows that
lim((l - ﬂ’;,(ﬁk))/(l - 51<)) is finite. Hence, taking limits of (14), we obtain

. _SEp) —s . SE() —s
11m5k7r1;_1<pk)ﬁ = llmﬁ = 5§ — (RH< *) —C) < ¢,

which contradicts the limit of the incentive constraint (13).

(il) = (i): Suppose A\ = oo. Let Ay satisfy 0, = e~ 2 L’Hospital’s rule
implies (fy’ﬁl — ﬂ’,‘,)/A — 00.

Letp = inf{p|G(p) > g} Suppose, for the sake of contradiction, thatp > 0.
There exists € such that for all k high enough, G(p +¢) > s+ . Suppose the belief
is p — ¢ and we want to find the number of consecutive successes needed to reach
P+ e. Since

oh(p) —p = ——= (i — Bh)-
Hk( ) w',‘,(p) ( H H)
this number will be at most
2 p(1-p) 3
N(k) = k_EkEAH_IiDS_,,_; % = r_a
Yi — Bp pElp—eb+te] 7TH(P) Yi — Bu

for high k, where ¢ is a positive constant (since 7§ — 1). Consider the following

policy at p — e: in the next N(k) periods, exert H and, if failure occurs, take the
outside options in the following period. If N (k) successes occur, continue with the
optimal policy at the posterior belief, which must generate surplus of at least s + €.
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For k high enough, it must be that the value of this policy does not exceed the value
of the outside options. Hence,

s > 5kN(k) [ﬁ'k(ﬁ—FS) + (1 — Ak)g] + (RH(O) — C)(l _ 62](]‘))’

where 7#* is the probability of getting N(k) successes in a row, starting from
p — €. The flow payoffs during the first N(k) periods are either Ry(p) — ¢ when
H is exerted or s, both of which are more valuable than Ry(0) — ¢ by Assumption 1.
Rearranging, we obtain

(1=01")s > /s + (Ry(0) — ) (1 - 6, “).

We will violate this inequality for high k by showing that the LHS converges to
Zero, Whi}lvekshe RHS converges to a positive constant. This follows from two limiting
( — 1 and liminf#* > 0. Toward the first, notice that

results: 0y
N(k A
6/(( ) = exp(—ﬁf)
YH — PH
converges to one since (7’,‘_, — B’,‘,) /A — oo. Toward the second result, notice that

# > (eh(p—<)

and let
el - )] vt (- 8) - )]
. ¢ - Vi — Bl
et (1) (0 3h) (1) <))
(1= 84) = (1 =) '

Given any ¢ > 0 small enough, we have

(1=8h)(A=2) = (1=9h) < (1=8k) (A +¢)
for all k high enough. Hence,
log[1— (1= 8)(1- (A+e—1)(p—¢))]
(1—85)(1—A+e) '
Since lim3} = 1, L’Hospital’s rule implies

1—()\+s—1)(f9—5)
1—-X+e )

B, >

liminfB, > —

Thus, we conclude that

liminf#* > liminfexp(B&) > 0
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as required. Hence, pr = 0.

(iii) = (i): Suppose A = oo. Let p = inf{p|S(p) > g}. We can show
p < 1 as in the proof under Assumption 4(a). Suppose p > 0. Define ¢ and
N(k) as in the previous part of the proof and recall the strategies considered at p — e:
the worker exerts H for N (k) periods, unless a failure occurs, which is followed by the
outside options. In the event of N (k) consecutive successes, an efficient continuation
equilibrium is played with surplus of at least s + €. As previously shown, these strat-
egies create higher surplus than the outside options for high k. Hence, it only remains
to show that the incentive compatibility constraint is satisfied in each of the initial
N(k) periods. Since H is exerted only if success occurred in all of the previous
periods, the expected continuation surplus from H in excess of s in the nth period
is at least
N(k)—n

N N ( ) N(k)—n
577’}{(p—5)[5k (W’,}(p—é)) 8+<1—5k() )(RH(O)—C—Q)],
which is strictly positive for k£ high enough. Hence, we conclude that p = 0.
Hence, p, = 0.

(iv) = (i):Theproofofthis partisidentical to the proof under Assumption4(a).

PROOF OF PROPOSITION 5:

If 7 = oo, the proof of (iii) = (i) in Theorem 1 shows that p, = py for all k
large enough. Hence, surplus above the outside options can only arise from H, and
we have p, < p.

Suppose 7* is finite and let p > p. Since ﬂljf(p) — 0, we have ¢p4(p) — p
as k — oo. Hence, there exists € such that p —e > p and gb;],k(p) > p—¢ for
all k large enough. Moreover, there exists 7 > 0 such that Sy(p —¢) > s+ 7 for
large k. This implies the incentive constraint for H holds at p for all £ large enough.
Since 6, — 1, the surplus from H at p exceeds s for large k. Hence, p, < p.
Since p > p was arbitrary, the proof is complete. B

G. Proofs from Section VIA
PROOF OF PROPOSITION 6:
Let w" and w' be the wages upon success and failure and let E [u/] be the expected

continuation value of the worker. The worker’s incentive constraint to choose H
over L is given by

(1-9) [ﬂ'H(p) wh + (1 - ﬂ'H(p)) w! — c] + OE[u]
> (1= 0)[mu(p)w" + (1= mu(p) ) w'] + ou

(1-9) (wh - wl) (7TH(p) — 7rL(p)) + 5<E[u/] - u) > (1 —=9)c.
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Without limited liability, the firm can always increase the spread between
w" and w' to satisfy the incentive constraint above without affecting the expected
wage payment 7TH(p> wh + (1 — WH(p)) w'. Hence, the incentive constraint for H
can be satisfied whenever the relationship yields more surplus than s. Therefore, the
equilibrium is efficient.

With limited liability, however, the firm can no longer create an arbitrary wage
spread since wh w! > u. To tackle the first case in the characterization of efficiency,
suppose RH(pF B ) < s. It suffices to show that H is enforceable at belief p/® when
continuations are drawn from G. Equation (6) implies

S(E"[G(p™)] —5) = (1-0)e,

so we can set the worker’s continuation payoffs u™,u~ > u following success and
failure so that

(™) " — 1) + (1= map™)) ™ 1)) = (1~ ).

which makes the continuation payoffs for the firm givenby v = G (mﬁ (pF B ) ) —u*
andv- = G(m}(pFB)) — u~ greater than or equal to v. By setting w" = w' = u,

the overall payoff of the worker is u and the firm’s payoff is v since G(pF B ) =S
and the path of play is the same as in the first best. Hence, all the incentive con-
straints for H are satisfied at p® and we are done.

We now show that whenever RH(pF B ) > s, the incentive constraint cannot be
satisfied at p’®. Suppose, for a contradiction, that it can be satisfied. Without loss
of generality w' = u, otherwise the difference between wages for success and fail-
ure can be increased without affecting the expected wage while still satisfying the
incentive constraint for H. Since S(W,}(pF 3)5) < G(W,}(pF B)) = s, the continu-
ation payoffs following H and failure must be equal to the outside options. Let
<u+, v*) denote the continuation payoffs following H and success. Equation (6) and
the incentive constraint for H imply

(1= 0)(malp"™) = m(p™)) (w" — 1) + oy (p") (" — )
> (1-0)(Ru(p™) — 5) + 6(E7[G(p™)] - 5).
and we obtain
(15) (1=6) (ma(p"™) = 7 (p"") ) (w" ~ )

= (1= 0) (Ru(p"™) = s) + m(p) (vF ).
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h

Notice that RH(pF B ) > simplies w" — u > 0. Now consider the firm’s payoff:

v = (1= 0)[ma(p™) " = )+ (1= 7alp™)) ('~ )|
4 amap™) v 4 (1= malp )],
vov = (1-06)[Ra(p"™) — s = malp") ("~ u) | + 57 (p") (v ~ ).
Using equation (15), we obtain
v S (18 mlp)a)] < o

which is a contradiction since the firm’s payoff must exceed her outside option in
any equilibrium. By continuity, the same argument can be extended to show that
the incentive constraint cannot be satisfied at some belief p > p’®, so relational
contracts are inefficient. B
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